We use the equivariant cohomology of hyperplane complements and their toral counterparts to give formulae for the Poincare polynomials of the varieties of regular semisimple elements of a reductive complex Lie group or Lie algebra. As a result, we obtain vanishing theorems for certain of the Betti numbers. Similar methods, using l-adic cohomology, may be used to compute numbers of rational points of the varieties over the finite field ‫ކ‬ . In the classical cases, one obtains, q
In this paper we give formulae for the Poincare and weight polynomialś of the variety of regular semisimple elements of a complex reductive algebraic group and its Lie algebra. The results use the equivariant cohomology of hyperplane complements and their toral counterparts. One Ž Ž . . of the applications of our results is a vanishing theorem see 3.4 below for the top cohomology in the Lie algebra case. Our general formulae are applied to give explicit polynomials in the case of classical complex Lie algebras of type A, B, C, or D. These are quite manageable and easily Ž Ž . Ž . Ž . . yield the relevant Betti numbers see 5.8 , 7.6 , and 7.11 below .
As a special case, we give an explicit formula for the Poincare polynomial of the variety of n = n matrices with distinct eigenvalues. In this case w x we prove a stability result, which asserts that the first nr2 q 1 Betti numbers of this variety are ''independent of n'' in the sense that there is a w x single universal power series whose first nr2 q 1 coefficients are the first w x nr2 q1 Betti numbers of the regular semisimple variety of ᒄ ᒉ for all n n. The same thing applies in the case of algebras of type B or C.
Our method may also be used to compute numbers of rational points over finite fields, which we do in Section 8 below. In this case a similar analysis to that which applies to the Poincare polynomials shows that thé proportion of regular semisimple matrices over a finite field ‫ކ‬ is a q polynomial in q y1 , whose initial sequence of coefficients stabilizes as the size of the matrices increases. Regularity statements such as these have interpretations both in terms of functional equations for certain power series and in terms of the representation theory of the Weyl groups. We discuss both below, although we leave open many questions.
Ž w x. The author thanks Allan Steel who used Magma, cf. CP and Burkhard Hofling for computer calculations involved in the tables and examples.
INTRODUCTION AND NOTATION
Let G be a complex connected reductive algebraic group. We fix a Ž . maximal torus T and Borel subgroup B = T of G and write W s N T rT G for the Weyl group. Then B s TU, where U is the unipotent radical of B. We write ᑡ, ᑜ, ᑮ, ᑯ for the Lie algebras of G, B, T, and U, respectively. Ž w x w x.
Ž. An element x g G is regular cf. K , St if its centralizer C x has G Ž . minimal dimension which is equal to r s rank G s dim T . Similarly, Ž . Ž Ä < Ž . 4. X g ᑡ is regular if C X s g g GAd g X s X has minimal di-G Ž . mension r here Ad denotes the adjoint action of G on ᑡ .
Ž .
Ž . Ž . 1.1 DEFINITION. i G resp. ᑡ is the set of regular semisimple r s r s Ž . elements of G resp. ᑡ .
Ž . Ž . Ž . ii T resp. ᑮ is the set of elements of T resp. ᑮ which are r s r s Ž . regular in G resp. ᑡ .
Ž
. Ž . It is known that G resp. ᑡ is open dense in G resp. ᑡ . Moreover r s r s
we have, recalling that W acts on ᑮ as a finite reflection group, the following well known characterization of regular semisimple elements.
Ž . Ž . 1.2 LEMMA. Let x g T resp. g ᑮ . The following are equi¨alent.
Ž .
Ž . i x resp. is regular.
Ž . ii The centralizer of x resp. in W is tri¨ial.
Ž iii x is not annihilated by any root of G with respect to T resp. is . not on any reflecting hyperplane for the action of W on ᑮ .
Our results will be formulated in terms of certain polynomials which are defined as follows. Let X be a complex algebraic variety and suppose a i Ž . finite group ⌫ acts on X as a group of automorphisms. [ A is a graded ⌫ module ⌫ being any finite group , write
Recall that a variety X is said to be pure if for each j, there is an integer 
Ž w x w x ii This is a standard result, essentially due to Borel see Hi , Sr , w x. Sp .
Ž . Ž . w Ž .x iii This follows from i and ii using DL, 1.6 , since GrT is smooth and connected.
We now turn our attention to the varieties T and ᑮ . 
iii We ha¨e 
ii The minimal purity of the hyperplane complements is proved in w x L3 ; moreover T is the complement in T of a ''toral arrangement,'' i.e., r s the union of a finite set of codimension 1 subtori of T. This is shown in w Ž .x Ž w Ž .x. DL, 4.2 to be mp see also Looijenga La, 2.4.3 .
It follows from ii and Poincare duality that H X is pure of weight 2 j,
The statements a and b follow.
X , c X
As an immediate application we obtain 
Ž .
Ž .Ž . Ž .Ž . Proof. It follows from Theorem 2.3 , together with 3.2 ii and 3.3 i that
Moreover the term of highest degree of P t is t , where is 
. where j is the arithmetical Mobius function .
ii For rational integers i G 1 and m G 0 define the polynomial
where for any non-negative integer m, we write
The conjugacy class of n n w g S is described by a partition of n, which we write in the form 
Ž . where the polynomials P t are defined in 5.1 . cardinality of S S is clearly the coefficient of x in Ł 1 y x .
Using the fact that this number is q n , we obtain that for any prime power
Ž . i Proof of 6.1 . For any integer n G 1, write P t s Ý ␤ n t g n i G 0 i w x Ž . ‫ރ‬ t ; also P t s 1. The stated result is clearly equivalent to
Ž . To prove 6.1.1 we write P t s f t g t , where for n G 1, f t s
w x write f t s g t s 1. Note that f t g ‫ރ‬ t , while g t g ‫ރ‬ t , the 0 0 n n M w x localization of ‫ރ‬ t at M, where M is the multiplicative set of polynomials w x in ‫ރ‬ t , all of whose roots are roots of unity. Now
A simple calculation then shows that Ž .
Ž . Combining 6.1.4 and 6.1.5 we obtain
t , which we know to be in ‫ރ‬ t , is f t times n n n y 1 n n Ž . the coefficient of z in the right hand side of 6.1.6 . We show that this wŽ nq1.r2x w x coefficient is divisible by t in ‫ރ‬ t , from which it will follow that
it is clear from 6.1.7 that in the expan-
n Ž w x . sion of the right side of 6.1.6 , the coefficient of z is divisible in ‫ރ‬ t M by t m , where m is an integer satisfying m G nr2. This completes the proof Ž . of 6.1 .
We remark that there is strong empirical evidence that the statement Ž . 6.1 is not the best possible. In fact we have Ž .
Ž . Ž . Ž . 6.3 CONJECTURE. In the notation of 6.1 , we ha¨e ␤ n s ␤ i for
Ž . Ž . 6.4 EXAMPLE. Let ␤ be the ith Betti number of ᒄ ᒉ for all i n r s Ž . sufficiently large n; by 6.1 , n G 2 i suffices. We give a list of the first 15 values of ␤ in the table below. 
is independent of n for n G 2 i.
Ž . This is simply a restatement of 6.1 taking into account 3.4 .
LIE ALGEBRAS OF TYPE B, C, OR D w x
In this section we use the results of L4 to give an explicit formula for Ž . the Poincare polynomial P t when ᑡ is of type B, C, or D. Recall that
. in the hyperoctahedral case type B or C , a conjugacy class in the Weyl Ž w x . Ž q y . group W is given see L4, Sect. 1 by a pair s , of partitions < q < < y < Ž m i n j .
q such that q s n. We shall write s i , j , where has m i cycles of length i, y has n cycles of length j, and Ý im q Ý jn s n.
Ž . Ž . 7.1 DEFINITION. i For any natural number i G 1 i.e., i s 1, 2, 3, . . . define the polynomials 
Ž .
p t s Ž .
Ž .
Ž . where p t is the polynomial defined in 5.1 .
Ž . ii With notation as in i , define, for any positive integer i,
iii For natural numbers i and m, define the polynomials 
. The number n of elements of W of type notation as in 7.2 is given by
Further, the explicit description of w g W of type as a product of Ž w Ž .x. positive and negative cycles cf. L4, 1.4 yields easily that
We are now able to state Ž . 7.5 THEOREM. Let ᑡ be the Lie algebra of a semisimple complex Lie group of type B or C . The Poincare polynomial of its regular semisimplé n n ariety is gi¨en by 3 t q t q 4t q 5t q t q 5t q 8t q 3t q 4t q 7t q 3t q t q 2 t q 2 t q 1 q26t q 42t q 18t q 2t q 22t q 40t q 22t q 4t q 16t q 28t 10 9 8 7 6 5 4 3 2 q16t q 4t q 6t q 13t q 10t q 3t q t q 2t q 2t q 2t q 1
This list, together with other evidence, points to the hypothesis that Ž . there is a stability result like 6.1 for this case. We now prove such a Ž Ž .. result. We start with a variation on the cyclotomic identity cf. 6.2 . 
Moreover one easily sees that M This is obvious for 1 q zt and proved for the other two factors in the same Ž . q Ž . i k y Ž . i k way as in 6.1 , the relevant point being that both q t t and q t t lie i i w x in ‫ރ‬ t . This completes the proof.
As in the case of type A , this result may be restated in terms of the n graded representations of the hyperoctahedral group on its coinvariant algebra and the cohomology ring of its hyperplane complement. 
is independent of n for n G 2 i. Ž . 7.10 EXAMPLE. Let ␤ be the ith Betti number of ᑡ , where ᑡ is i r s Ž . Ž . as in 7.8 , for all sufficiently large n; by 7.8 , n G 2 i suffices. We give a list of the first 14 values of ␤ in the table below. 1, 0, 1, 1, 3, 9, 9, 3, 4, 14, 22, 12, 3, 16, 27, 14, 1, 8, 19, 12, 0, 3, 6, 3 5 1, 1, 0, 0, 0, 4, 9, 9, 9, 15, 26, 31, 32, 41, 62, 66, 62, 71, 95, 101, 91, 92, 114, 114, 94, 91, 103, 100, 78, 67, 71, 66, 45, 36, 35, 31, 18, 12, 10, 9, 4, 2, 1, 1 6 1, 1, 0, 0, 0, 3, 6, 8, 16, 24, 23, 36, 78, 103, 75, 99, 222, 288, 180, 182, 453, 605, 349, 277, 730, 996, 547, 343, 971, 1359, 728, 360, 1087, 1563, 822, 316, 1033, 1531, 799, 238, 831, 1268, 661, 143, 557, 885, 463, 69, 301, 501, 265, 24, 123, 218, 119, 5, 33, 65, 37, 0, 4, 10, 6 8. RATIONAL POINTS OVER FINITE FIELDS Ž Suppose that X is a variety defined over ‫ކ‬ the Galois field of. elements , with corresponding Frobenius endomorphism F : X ª X. The ‫ކ‬ -rational points of X are the fixed points X F of X under F; they may q w x be counted by Grothendieck's formula D Ž . This is 8.3 applied to the cases described. We conclude with some specific values of the polynomials above. Ž . 2 q 1 y 2y 22 q 21 y1 y2 y3 y4 y5 y6 y7 y8 y9 Ž 3 q 1 y 22 q y 47q y 78 q y 65q y 4 q y1 0 y11 .y q 36 y1 y2 y3 y4 y5 y6 y7 y8 y9 Ž 4 q 1 y 22 q y 511q y 1722 q y 3238 q y 42 q y1 0 y11 y12 y13 y14 y15 y16 y17
y18 . q40 q y43q q39 q y31q q23q y1613q y43q
